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V. Bystritsky1, W. Czapliński2, M. Filipowicz2, E. Gu la3,a, and N. Popov4

1 Joint Institute for Nuclear Research, 141980 Dubna, Moscow region, Russia
2 Faculty of Physics and Nuclear Techniques, University of Mining and Metallurgy, al. Mickiewicza 30,

30-059 Cracow, Poland
3 Institute of Nuclear Physics, ul. Radzikowskiego 152, 31-342 Cracow, Poland
4 Sektion Physik der Universität München, Schellingstr. 4, 80799 München, Germany

Received 17 February 1999 and Received in final form 9 June 1999

Abstract. The time-dependence of the population of muonic hydrogen states in hydrogen-helium mixtures
is calculated for principal quantum number n. The number of muons transferred to helium nuclei is also
determined. The dependence of the population of the ground state of muonic hydrogen qHe

1s on time and
target density and the helium concentration is also considered. The results are in agreement with recent
experimental data. The comparison of the calculated yield of K lines of X-ray in pure hydrogen and
deuterium with experimental data indicates the essential role of the Coulomb deexcitation process. Possible
Stark mixing is also analysed.

PACS. 34.60.+z Scattering in highly excited states (e.g. Rydberg states) – 34.70.+e Charge transfer –
36.10.-k Exotic atoms and molecules (containing mesons, muons, and other unusual particles)

1 Introduction

The processes induced by negative muon stopped in mix-
tures of hydrogen isotopes with admixtures of Z > 1 ele-
ments have been studied for some time already; however,
some interesting questions about the processes remain
open. Research of nuclear fusion in charge-asymmetric
muonic molecules like hµZ (h ≡ p, d, t is a hydrogen iso-
tope, Z is an isotope of helium, lithium, beryllium etc.) al-
lows extending the energy region of investigation of strong
interactions to very low energies (eV ÷ keV), which can-
not be reached in accelerator experiments. The properties
of strong interactions such as charge symmetry or isotopic
invariance are all experimentally established mainly in the
MeV region and, up to now, have only been extrapolated
to the low-energy region [1].

The study of fusion reactions between light nuclei is
important also for astrophysics. Specifically, this study
is relevant to the nuclear reactions which took place in
the process of primordial nucleosynthesis just after the
Big Bang, and those occuring in stars, where light el-
ements are produced. For example, in stars and in the
Galaxy one finds a deficiency of light nuclei (except for
4He) compared with predictions based on the theory of
thermonuclear reactions and generally adapted models.
To explain this phenomenon, modified star models are
usually proposed, which assume that in the extrapolation
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of nuclear cross-sections from accelerator energies to the
astrophysical energy region (∼ keV) no resonances or
other anomalies of the cross-sections occur. It cannot be
excluded, however, that nuclear cross-sections have a res-
onance character, which could lead to intensive burning of
light elements in stars [1].

Most theoretical and experimental studies of asymmet-
ric muonic molecules have been devoted to the hµHe sys-
tems. Recently, the dynamics of muonic atom cascade in
hydrogen-helium mixtures was considered in [2]. This is
important [3] for the investigation of the nuclear fusion
reactions1:

dµ3He λf→
{
α+ p(14.7 MeV) + µ
5Li + γ(16.4 MeV) + µ

(1)

and dµ4He

dµ4He λf→ 6Li + γ(1.48 MeV) + µ. (2)

However, the time-evolution of the cascade processes was
not considered there. The experimental investigation of
fast processes in muonic atoms became possible due to
development of short-time techniques and the essential

1 Taking into account the importance of reactions (1) and (2)
we shall mainly consider the dynamics of muonic cascade in
deuterium-helium mixtures.
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improvement of the time-resolution of detectors for reg-
istration of nuclear radiation. The experimental informa-
tion about the characteristics of the cascade of muonic
hydrogen could be obtained as a rule by the measurement
of yields and time-distributions of the muonic X-ray of the
hydrogen isotopes and Z > 1 admixtures in hydrogen tar-
gets2. Therefore, the comparison of experimental and the-
oretical yields and time-distributions of the muonic X-rays
may allow one to test the description of the real muonic
cascade. Consequently, the measurements of intensity of
delayed K-lines could enable one to determine the popu-
lation of the 2s-state of muonic hydrogen as well as the
scheme of the cascade used in the calculations.

The measurement of X-ray yields of muonic helium
in hydrogen-helium mixtures enables one to obtain the
muon transfer rates from hydrogen to helium (in compar-
ison with experimental data obtained in pure hydrogen
mixtures) and to check the scheme of the cascade. The
comparison of the experimental and calculated relative in-
tensities of K-lines, i.e. Kα/K, Kβ/K and Kγ/K (where
K = Kα + Kβ + Kγ + Kν) as well as the ratios of in-
tensities Kα/Kβ, Kβ/Kγ etc. in pure hydrogen mixtures
and those containing Z > 1 admixtures, can allow one to
investigate the dynamics of muonic cascade. The determi-
nation of population of excited states of muonic hydrogen
and muonic helium in hydrogen-helium mixtures by mea-
surement of the corresponding X-rays may let one to ver-
ify the scheme of muonic cascade as well as muon transfer
process.

The analysis of time-evolution of muonic cascade
should allow one to choose the experimental conditions
for which the cascade model can be verified with theory.
Such time-evolution data can give very important addi-
tional information about exotic systems.

In the present paper the time-dependence of popula-
tion of excited levels of muonic atoms during the cascade
as well as the dependence of muon transfer rates to helium
nuclei on target density φ and helium concentration CHe

are presented.

2 Cascade model

The number of dµHe molecules formed in DHe mixture is
proportional to the number of muonic deuterium atoms,
dµ, in the ground state, which is determined by the prob-
ability [2]

W = WDq
He
1s , (3)

where WD is the probability of formation of dµ atom in
the excited state (with principal quantum number n '√
mµ/me = 14) and qHe

1s is the probability of deexcitation
2 In fact, information about dynamics of cascade could be

improved by development of Auger spectroscopy. The measure-
ment of time distributions of electrons of muon decay in muonic
hydrogen could give additional information about muonic atom
cascade in mixtures of hydrogen isotopes with Z > 1 admix-
tures.

of the muonic deuterium to its ground state (ground state
population)3. Following [2] we determine

WD =
(

1 +
CHe

CD
A

)−1

, (4)

where CD is deuterium concentration (CHe +CD = 1) and
A is the ratio of the muon capture rates for helium and
deuterium: A = 1.7± 0.2 [2] (the analogous ratio for pro-
tium and deuterium is equal 1.204 in H2 +D2 mixture [4]).

As shown in the previous investigations, the ground
state of muonic atom is reached only by a fraction of
muonic hydrogen atoms – formed in an excited state –
owing to muon transfer to heavier hydrogen isotopes or to
Z > 1 nuclei, e.g. to He. As the cascade evolution occurs in
a very short time (≤ 10−11 s at liquid hydrogen density,
LHD, N0 = 4.25 × 1022 cm−3) on the scale of muonic
atom processes, the experimental information about the
numerous processes occuring during deexcitation of the
muonic atom is poor. At the same time, the theoretical
predictions, especially concerning the early stages of the
muonic cascade are also not fully determined [5]. There-
fore, the research of alternative methods of obtaining in-
formation about W and the corresponding WD and qHe

1s

is very important. The agreement between experimental
and theoretical data obtained using analogous assump-
tions about the cascade scheme for pure hydrogen targets
and hydrogen-helium mixtures could provide a basis to
extend this scheme to a consideration of time-evolution
processes.

The basic cascade processes are the following [2,6,7]:
radiative and Auger deexcitation, Stark mixing, Coulomb
deexcitation, elastic scattering responsible for the ther-
malization of the muonic hydrogen and muon transfer
from excited muonic hydrogen to other nuclei. According
to [2,6] we assume constant collision energy ε = 0.04÷2 eV
of the muonic atom during the cascade. As the accurate
calculation of Auger and Coulomb deexcitation rates on
helium nuclei are still absent, as well as the deexcitation
rates of 2s level owing to Stark mixing with 2p level in
the field of helium nucleus, we follow the approximation
used in [2]. The corresponding Auger rates are approxi-
mated by 2λA, where λA are calculated according to for-
mula (8) of reference [8] with replacement of ionization
energy of the hydrogen atom by helium ionization energy,
IHe = 24.68 eV (see Tab. 1 of [2]). This simplest approxi-
mation is reasonable for our consideration. Factor 2 corre-
sponds to two electrons of the helium atom in comparison
with one electron of the hydrogen atom (although an effec-
tive charge of helium nucleus acting on conversion electron
differs from 1).

The reaction rates for Coulomb deexcitation, Stark
mixing, transitions between 2s and 2p, and induced 2s→
2p→ 1s transitions are supposed to be the same as those
for collisions of muonic deuterium with tritium and are
taken from [6,9], respectively. The rates of muon transfer
from muonic deuterium to helium nuclei for n ≤ 5 have

3 The index “He” was added to underline that hydrogen-
helium isotopic mixtures are considered.
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Fig. 1. Scheme of the muonic atom cascade for muonic deu-
terium.

been calculated in [10]. As there are no theoretical data
for muon transfer to helium from n > 5, the correspond-
ing values supposed to be equal to the transfer rates from
n = 5 [2]. As follows from our calculations the observables
(qHe

1s and relative intensities of K-lines) depend weakly on
muon transfer from high levels because of fast deexcita-
tion.

According to [5] we suppose that the initial n distri-
bution is peaked around n = 12, so our calculations of
the cascade parameters are based on the solution of a sys-
tem of kinetic equations with the initial population of the
state qHe

12 = 1 for the cascade scheme presented in Figure 1
with radiative and Auger transitions taken from Table 1
in [2] and Table 15 in [11] recalculated for the muon mass.
We take into account the 3→ 2 Coulomb transition (not
considered in [2,13]) and Stark transitions between the
sublevels with orbital angular momentum l for n = 3 i.e.
between 3d, 3p and 3s [12]4. We assume statistical popu-
lation of l-sublevels for n > 3 [7a, 7b].

4 The rates of Stark mixing were kindly provided to us by
V.P. Popov.

3 Results of calculations

In order to verify the cascade scheme of Figure 1 we com-
pare some of its calculated characteristics with the ex-
perimental data for pure H2 and D2 as well as for their
mixtures with He isotopes in a wide range of φ and CHe.
The comparison between the calculated and experimen-
tal data for relative intensities of K-lines of pµ and dµ
atoms in pure H2 and D2, respectively, and for qHe

1s is
presented. The time-evolution of cascade processes is pre-
sented here for the first time, which can be very impor-
tant for understanding the complex dynamics of muonic
cascade. Earlier [2,13], we considered for comparison with
experiments (see Ref. [25] in [2]) only a single characteris-
tics of the cascade, qHe

1s , for H2 + 4He at φ = (2.3÷ 4.5)%
and C4He = 0.05÷ 0.5. As follows from Figure 6 and Ta-
ble 2 in [2] the agreement between theoretical and exper-
imental qHe

1s is possible if one assumes ε ∼ 2 ÷ 5 eV. In
the present paper we extend our consideration to a com-
parison of our calculations of relative intensities of K-lines
with the available experimental data. Such comparison re-
quires inclusion of 3→ 2 Coulomb deexcitation which was
ignored in [2,13].

However, there exists a wide uncertainty in the calcu-
lation of Coulomb deexcitation rates obtained by differ-
ent methods [9a, 9b, 9c]. In our calculations we use dif-
ferent assumptions about the contribution of Coulomb
deexcitation to the cascade development by scaling its
rate: λC = κλ, where κ = 1 corresponds to Coulomb rates
obtained in [9a].

We consider a 3 → 2 Coulomb deexcitation rate as a
free parameter for fitting the calculated relative intensities
of Kα, Kβ and Kγ to corresponding experimental data in
pure H2 and D2. The ratio of 4 → 3 and 3 → 2 rates is
also obtained from fits to experimental intensities of the
K-lines5.

The ratios of other Coulomb deexcitation rates were
taken from [9c] multiplied by corresponding correction fac-
tor. However, they influence only weakly the calculated in-
tensities of K-lines and could be taken, in fact, from any
of the paper [9a, 9b, 9c].

The results of our calculations of the different char-
acteristics of muonic hydrogen cascade obtained for
hydrogen-helium mixtures with Coulomb deexcitation
rates from [9c] are presented in Figures 2–5. Figure 6 illus-
trate our calculation of K-line intensities for pure H2 and
D2 with Coulomb deexcitation rates obtained by fitting
the calculated results to experimental data.

Figure 2 shows the results of calculations of qHe
n (t, φ) in

D2 +3He mixture obtained for n = 1÷12 and ε = 0.04 eV
with CHe = 0.05.

The number of muons transferred to helium from
muonic deuterium, N tr

n (t, φ), has also been calculated for
ε = 0.04 eV and CHe = 0.05 in D2 + 3He (Fig. 3).

Figure 4 shows the results for the relative K X-ray
yields i.e. IKα(t, φ) for 2p → 1s transition, IKβ (t, φ) for
3p → 1s transition, IKγ (t, φ) for 4p → 1s transition,

5 Unfortunately the 4 → 3 Coulomb deexcitation rate was
absent in [9a].
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Fig. 2. Dependence of qHe
n (t, φ) for different n, calculated for ε = 0.04 eV and CHe = 0.05 in D2 + 3He mixture; Coulomb

deexcitation rates were taken from [9c].
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Fig. 3. The number of muons transferred to helium N tr
n (t, φ) calculated for different n, ε = 0.04 eV and CHe = 0.05 in D2 +3He.

Coulomb deexcitation rates were taken from [9c].
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Fig. 4. The φ and t dependence of relative intensities of K X-rays calculated for ε = 0.04 eV and CHe = 0.05 in D2 + 3He.
Coulomb deexcitation rates were taken from [9c].

and IKν (t, φ) for (5p→ 1s) + (6p→ 1s) + (7p→ 1s) + ...
transitions obtained for ε = 0.04 eV and CHe = 0.05 in
D2 + 3He.

Figure 5 demonstrates the agreement of our calculated
qHe
1s with the experimental data for H2 + 3He (φ = 5.2%)

and H2 + 4He (φ = 7.36%) mixtures [14].

The experimental qHe
1s data in H2 + 4He and H2 + 3He

agree with the calculated ones within the experimental
errors for ε ∼ 2 eV. The comparison for H2 + 4He at
φ = (2.3 ÷ 4.5)% [2,15] and for H2 + D2 mixture [16]
indicates ε ∼ 2÷ 5 eV.

The φ-dependence of relative intensities of K-lines in
pure H2 and D2 in the range (10−5 ÷ 1) is presented in

Figure 6a and 6b, respectively, together with the experi-
mental data of references [17–24].

As can be seen in Figure 6a for pure H2, good agree-
ment between theory and experiment is possible for the
rate of Coulomb 3→ 2 transition ∼ 9× 1011 s−1 (LHD)
that exceeds by a factor of about 1.5×103 the result of [9c]
for ε = 1 eV, by about 100 that of [9b] and by 9 the result
of [9a]. If one assumes that muonic hydrogen for n = 3
is thermalized i.e. ε = 0.04 eV, our 3 → 2 Coulomb rate
exceeds the result of [9c] by 440 times, that of [9b] by ∼ 30
and only by 2.7 that of [9a].

Figure 6b shows us, that for pure D2, good agreement
between theory and experiment is possible for 3→ 2 tran-
sition rate ∼ 4.8 × 1011 s−1 that exceeds by ∼ 2 × 104
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Fig. 5. Comparison of theoretical qHe
1s (CHe) curves with ex-

perimental data [14] (ε is indicated on curves) obtained for
Coulomb rates from [9c].

correspondent result of [9c] for ε = 1 eV and by ∼ 5× 103

for ε = 0.04 eV. Unfortunately we cannot compare our
results for dµ with data of [9a] as only muonic hydrogen
was considered there.

For pµ atoms the ratio of Coulomb rates of 3→ 2 and
4→ 3 transitions is smaller by a factor of 2 compared with
dµ ones. At the same time the Coulomb 3→ 2 rate of pµ
atoms is two times larger than that of dµ. The Coulomb
transitions for n > 4 do not strongly influence the intensi-
ties of K-lines. The ratio of Coulomb rates for 3→ 2 and
4 → 3 transitions contradicts the results of [9c] and is in
good agreement with one obtained in [9b].

It is necessary to note that Coulomb deexcitation rates
obtained in [9c] (corresponding to κ ∼ 0.01 which gives
a contribution to intensities of K-lines coincided, in fact,
with κ = 0) evidently disagree with the experimental data
for Kα and Kβ intensities. It can be possibly explained by
the fact that the method of complex plane is not applicable
to nonresonant reaction of Coulomb deexcitation [9c] with
great energy gain, which was also discussed in [9b].

The Kγ intensity is not very sensitive to Coulomb de-
excitation contribution, which is demonstrated in Figure 3
of [17].

The rates obtained from the analysis of K-line intensi-
ties significantly exceed the rates of [9b, 9c] being in better
agreement with those of [9a].

The small disagreement of the calculated Kβ and
Kγ intensities for pµ-atoms with experimental data (see
Fig. 6a) for density range 10−5÷10−4 and 10−2÷5×10−2,
respectively, can be explained by the absence in our con-
sideration of any partial Stark transitions between l-
sublevels for n > 3, which reflects, in fact, the assumption
of statistical population of the corresponding l-sublevels.

(a)

(b)

Fig. 6. The φ dependence of relative intensities of K X-rays
calculated in pure H2 (a) and pure D2 (b) for φ = 10−5 ÷ 1
in comparison with experiment [16–24]. The Coulomb deexci-
tation rates were taken for (a): λC(3 → 2) = 1.2 × 1012 s−1

(solid lines), λC(3 → 2) = 9.0 × 1011 s−1 (long dashed lines),
λC(3 → 2) = 4.8 × 109 s−1 (short dashed lines); (b): λC(3 →
2) = 7.2 × 1011 s−1 (solid lines), λC(3 → 2) = 4.8 × 1011 s−1

(long dashed lines), λC(3 → 2) = 4.8 × 109 s−1 (short dashed
lines).

In our calculations we did not consider partial Coulomb
transitions (n, l) → (n − 1, l − 1) for n ≥ 4 using only
averaged Coulomb ones with statistical populations of l-
sublevels of n′ = n − 1. Instead of the partial Coulomb
transitions 3d → 2p, 3p → 2s and 3s → 2p we used av-
eraged 3→ 2 rates with a statistical population of 3d, 3p
and 3s.

The Coulomb transitions with ∆n = 2, 3... should be
also taken into account (in addition to ∆n = 1), although
their rates are smaller at least by one order of magni-
tude [9a].

It is necessary to model the initial population of n and
l which may significantly influence the populations of l-
sublevels for n = 2÷4, being more important for Coulomb
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fraction of cascade deexcitation. Information about en-
ergy distribution of muonic atoms in the above mentioned
states is also important.

The fast 3 → 2 transition can be explained either
by resonant mechanism of Coulomb deexcitation [7b] or
molecular structure effects.

The 3 → 2 and 4 → 3 Coulomb rates are comparable
with the corresponding Auger transitions or exceed them,
and are responsible for acceleration of mesic hydrogen [9b]
observed in numerous experiments.

In conclusion, we would like to underline that the ac-
curate analysis of main characteristics of muonic cascade
in pure H2 and D2 as well as in their mixtures with helium
isotopes in a wide range of φ and CHe was performed in
the present paper by comparison with the experimental
data. For qHe

1s good agreement between theory and experi-
ment was obtained for C3,4He = 0÷1 and φ = 0÷1 taking
into account also the results of the previous paper [2].

Good agreement was also obtained for relative inten-
sities of Kα, Kβ and Kγ lines in pure H2 and D2. More-
over, the comparison of relative intensities of Kα and Kβ

lines with experiment enabled us to select Coulomb de-
excitation rates in muonic atom cascade mainly in favor
of the results of [9a], indicated earlier also by Markushin
et al. [7a, 7b]. However, our 3 → 2 Coulomb deexcitation
rates obtained by fits to experimental data in Figure 6 ex-
ceed essentially the theoretical predictions, including [9a].
Possibly, it can be explained by poor information about
the cascade parameters which are necessary for very small
φ used in the fits presented in Figure 6.

At the same time the qHe
1s is not very sensitive to the

values of Coulomb deexcitation rates, especially for small
φ [7b].

The essential contribution of Coulomb deexcitation
process could explain, in natural way, the epithermal con-
tribution in the energy distribution of mesonic hydrogen,
observed in numerous experiments (see e.g. Ponomarev
et al. [9b]).

The investigation of dynamics of the muonic cascade
in wide range of φ and CHe using the same experimen-
tal method is very important in order to eliminate pos-
sible systematic errors. The investigation of dynamics of
muonic atom cascade at very small φ ∼ 10−7 may enable
one to verify the initial stage of the cascade, which is, of
course, very important for following stages of cascade. It
is also necessary to calculate the rates of Stark mixing and
Coulomb deexcitation transitions between l-sublevels for
all n. The realization of a multiparameter Monte-Carlo
program is important for the analysis of all complex pro-
cesses determining muonic cascade.

We are very grateful to V.P. Popov for cooperation in obtain-
ing some partial Stark transition rates and A. Gula and E.A.
Solov’ev for valuable comments. We are indebted also to J.S.
Cohen for sending his paper before its publication. V.B. is
indebted to RFFI for financial support by Grant No. 98-02-
16460. W.Cz. is indebted to Polish State Commitee of Scien-
tific Research, KBN for financial support by Grant No. 112/E-
356/S/99.
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